A four-spin system with s=1 and the single-ion anisotropy, DΣ j [s jz ] 2 , is considered. When D≠0 the Hamiltonian of the system does not commute with S 2 and, therefore, S cannot be used as an additional label of energy levels. In this work we concentrate on the problem of mixing states with different total spins S. The Hamiltonian matrix is transformed to the symmetry-adapted basis (with subspaces labeled by the irreducible representations of the symmetry group) and next, after solving the eigenproblem for S 2 , to the basis with vectors labeled by S. Each eigenproblem is solved exactly (at least numerically) and the eigenstates are expressed as Σ S a S |S〉. The coefficients a S are analyzed, especially for their D-dependence. Even in such a small system different schemes of level mixing can be observed.
Introduction
Recently many large magnetic molecules have been synthesized and investigated by chemists and physicists. As a rule, mesoscopic magnetic systems comprise transition-metal ions with oxygen bridges [1] [2] [3] [4] [5] . Such systems of mesoscopic dimensions have attracted increasing interest for several reasons, including the possibility of observation of quantum phenomena on a macroscopic scale. Due to the presence of bulky organic non-magnetic groups, the molecules are effectively shielded from one another and the interactions between them are small. Therefore these materials can be used for testing theories concerning thermodynamic properties of single magnetic molecules.
Molecular magnets show both antiferro-and ferromagnetic exchange interactions, though in most cases single spins are antiferromagnetically coupled [3] . It seems that the properties of such systems can be very well simulated numerically. However, direct calculations of eigenenergies and eigenstates are subjected to the so-called "combinatorial explosion", since the number of states increases as (2s+1) n .
Model Hamiltonians usually commute with S z =∑ j s jz , the additional anisotropy terms (single-ion or/and exchange ones) break commutation with the square of the total spin S 2 . Since S is no longer a good quantum number, then such systems exhibit a splitting of the S-multiplets in the absence of a magnetic field, the so-called zero-field splitting (ZFS). In some cases the perturbative approach is possible, but it is questionable, especially in the case of ferromagnetically coupled molecules, when ZFS-induced crossing of levels is observed [6] .
In the previous paper [7] , results of the non-perturbative analysis of the Heisenberg model for finite systems with single-ion anisotropy were presented. Using the results of the exact diagonalization of the full Hamiltonian we were able to go beyond the earlier perturbative methods. Among others, the problem of the field-dependent level crossing in the presence of anisotropy for antiferromagnetic couplings in a ring was discussed for a dozen of antiferromagnetically coupled s=1 spins. In the present paper we concentrate not on (eigen)energies but on the (eigen)states. Since this problem is a bit more complicated we start from four spins s=1 with the full symmetry of the square. We answer questions about qualitative and quantitative behavior of state mixing, among others we analyze its dependence on the anisotropy parameter D.
In the following section the model Hamiltonian is presented and the methods used are briefly described. chapter 3 contains the results obtained: some general ones and some special cases/examples. They are followed by a short discussion. The paper is completed with chapter 4 with concluding remarks.
Experimental Procedures
As mentioned in the Introduction we consider four spins s=1 in the vertices of a square coupled antiferromagnetically with the exchange integral J>0 (for the sake of simplicity J=1 is assumed mostly). The single-ion anisotropy is determined by the parameter D.
In the examples discussed |D|≤0.5, but with (numerically) exact calculations we are able to go to higher values. Hence, the Hamiltonian has the following form
This Hamiltonian commutes with the total magnetization operator S z =∑ s jz , with the eigenvalues -4 ≤ M ≤ 4, but does not commute with the square of the total spin
On the other hand, the irreducible representations (irreps) of the symmetry group, isomorphic with the dihedral group D 4 in the case considered, can be used as additional labels. Moreover, states labeled by different irreps Γ cannot be mixed, so the eigenproblem can be decomposed to smaller ones. The system's properties do not depend on the sign of M, so non-negative M's are considered only. Since we investigate the mixing of S-states, then the eigenproblem for S 2 is also solved. In the diagonalization of S 2 and H matrices the symmetry properties are taken into account. The group theoretical treatments for the diagonalization of spin-Hamiltonians is the standard method developed and applied by many authors [8] [9] [10] [11] .
The procedure consists of four steps:
The 81 so-called Ising configurations | 
Matrices of
• H and S 2 are generated in this basis; the method described in [11] can be used for example. The eigenproblem for S 2 is solved leading to the basis |SMΓvγ〉; in some cases the repetition index v is still necessary, since there are at least two copies of Γ for given S and M. H is transformed to this basis. Finally, the Hamiltonian eigenproblem is Our aim is to analyze coefficients a S and the probabilities of finding a state with a given S, i.e. simply (a S ) 2 . The eigenenergies are, in a sense, by-products of this procedure and can be used for investigation, for example, of thermodynamic properties of the system considered. There are some four-spin systems with s=1 and (approximate) symmetry D 4 [12] .
Results and Discussion
The numbers of the Ising configurations with a given M are as follows: n(0) = 19, n(±1) = 16, n(±2) = 10, n(±3) = 4, n(±4) = 1. Let η(S) denote the number of S-multiplets. It is evident that η(4)=n(4)=1, and for the other spin numbers S we have:
η ( Table 1 . From these data we know the dimensions of eigenproblems to solve (for H and S 2 ) and determine the eigenvalues S in each of them. For example, when M=3 and Γ=B 1 then the eigenproblem is two-dimensional and the values of S are 2 and 3. Amongst 18 non-zero values of n(M,Γ) only nine is higher than one, so in fact we have to solve nine eigenproblems (for S 2 we know the eigenvalues). Mixing of states from different S-multiplets is possible when Γ and M are the same in both states. Therefore, some states are never mixed:
In these cases S is a good quantum number and can be used as an additional label. Since we are interested in mixing of states, then these cases are beyond the scope of our paper. We are left with ten cases depicted in Table 2 . The most difficult is the case of M=0, Γ=A 1, when the eigenproblem is five-dimensional. In general, slightly more tedious calculations are necessary, when more than one state with a given S has to be taken into account. This occurs for the irreps B 1 , B 2 and the four cases corresponding to them are discussed in more detail below. The eigenproblems are two-and three-dimensional, so they can be solved exactly (or to very high precision). Though these are simple cases they can show many interesting features, as we will see below.
Let us start from Γ=B 2 and M=0. The states with S=0,2 can be mixed. Omitting labels M and Γ we are looking for two orthonormal vectors: a=a 0 |0〉 +a 2 |2〉 and b=b 0 |0〉+b 2 |2〉. Since a 0 b 0 +a 2 b 2 =0 and |a| 2 =|b| 2 =1 then the square of one coefficient, p 0 =a 0 2 for example, determines the other probabilities. The matrix element 〈0|H|2〉 = 8 1/2 D/3, so the level mixing is absent for D=0, as it should be. Eigenenergies are [6D -J ± (4D 2 + 4DJ + 9J 2 ) 1/2 ]/2. Calculating coefficients a 0 , a 2 , b 0 , b 2 we see that level mixing is not so strong: for |D|<0.5 the probability p 0 is less than 3%. The dependence p 0 (D) is presented in Fig. 1 .
Mixing of states with Γ=B 1 is possible for M=2,1,0. In the first case, the sates |S=2〉, |S=0〉 are degenerate for D=0 and for D ≠ 0 the Hamiltonian matrix is proportional to D. Therefore the form of eigenvectors does not depend on D (but the eigenenergies do: they are 2D and 4D). For M=1 we obtain one state, (5 1/2 |S=3〉+2|S=2〉)/3 namely, with fixed, D-independent, mixing (and energy 3D). It should be stressed that for D=0 these states are degenerate like in the previous case. The two other possible linear combinations have (i) dominant state S=1 (the probabilities for S=2,3 are presented in Fig. 2a) or (ii) probability of this state is very low (less than 1% in for |D|<0.5, see Fig. 2b ) and the probabilities of S=2,3 are close to those in the case of D-independent mixing (4/9 and 5/9). The case of M=0 is similar to the previously consider case of Γ=B 2 , M=0, though there are three instead of two S-states. However, the state with S=2 never mixes with the two others! Therefore, we are left with two states, S=1,3. The mixing of these states is even weaker than for Γ=B 2 , M=0: for |D|<0.5 the probability of mixing is less than 1%.
Conclusion
The system considered is small, which enables the majority of calculations to be done exactly; there is only one polynomial in the fifth degree and a few of them with degree 3 or 4. The eigenenergies obtained show that the splitting of S-multiplets depends almost lineary on D; in all cases of two-dimensional eigenproblems, the solutions are in the form aD + bJ or aD 2 + bJ ± (cD 2 +dDJ+eJ 2) ) 1/2 ; numerical solutions of higher degree polynomials also lead to approximately linear dependence E(D) for |D| ≤ 0.5J. This model indicates also problems which may appear during calculations for larger systems: many level crossings rise the problem of appropriate relations between the energy levels and S-multiplets. Moreover, some S-multiplets are degenerate (i.e. have the same energy for different S), so they can be mixed, `without costs', even for D=0. It is obvious that for some values of M and some irreps Γ there is only one level, so level-mixing is not possible. • coefficients. All these features should influence strongly the theromdynamic properties of a system and/or the state properties (e.g. spin correlations). A few steps towards solving these problems have been made already, but too few data have been collected to formulate firm conclusions.
